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Abstract

An Ad hoc network with unicasting is considered,in which each node has an M element
antennaarray. Transmissionfrom nodel(i ) to i is quasi-synchronous,sothat codeacquisition
is not required. Space-Time(S-T) waveformsare transmitted with temporal dimensionNs

Nyquist samples. An adaptive, distributed S-T waveform design algorithm is developed,
which maintains QoSwhile attempting to minimize transmit power. The resulting Iterativ e
Minimum Mean-SquareError{Time Reversalalgorithm (IMMSE-TR) setsthe transmit S-T
vector at node i to the conjugatetime-reverseof the linear MMSE S-T detector. It is shown
that IMMSE-TR correspondsto a noncooperativegamewhich attempts to minimize transmit
power while paying an interferencetax. Simulation resultsarepresented demonstratinghigh
power e�ciencies for heavily-loaded systems.
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In tro duction

We consideran Ad hoc network whereeach node hasan array of M elements and transmits
an Ns Nyquist samplelong waveform. Each node i hasa singlelink (unicasting) destination
node l(i ) 6= i , with i; l (i ) 2 f 1; 2; : : : ; N g. The optimization problem is to adaptively con-
struct the S-T transmit waveform ~gi 2 CM N s to maintain a constant SNR 
 0 (QoS) while
minimizing the sumtransmit power Psum =

P N
i=1 jj ~gi jj 2. The problemis an extensionof opti-

mal transmit/receive beamforming[1][2][3] which hasbeenaddressedusing iterativ e MMSE
techniques. Iterativ e methods have alsobeenemployed for temporal-only signal adaptation
[4][5][6] and for S-T waveform designin uplink CDMA [7].

Synchronization (code acquisition) is a challenging problem in an Ad hoc network. In
contrast to cellular topologies,power control is infeasibleand hencethe near-fare�ect greatly
hinders the code acquisition process. Here, we considera quasi-synchronous transmission
scheme,in which node l(i ) purposefully advancesits symbol transmissionby r i;l ( i )=c, where
r i;j is the distance betweennodes i; j . QS operation eliminates the needfor code acquisi-
tion [8][9], and can be implemented using network-wide timing/p ositioning available from a
combination of atomic clocks, GPS and cooperative radiolocation [10].

The IMMSE-TR algorithm is summarizedas follows: Node i usesthe LMS/RLS algo-
rithm to construct its linear MMSE S-T detector w i 2 CM N s using a training sequence(e.g.
embeddedin a RTS/CTS handshake). The normalized transmit S-T vector gi is then set
to the conjugate time-reverseof w i , denoted by w r ;�

i as de�ned in the sequel. The pro-
cessis iterated betweennodes i; l(i ) until convergence. It is shown that IMMSE-TR then
corresponds to the power algorithm with gi the maximizing eigenvector of an SNR-related
objective matrix. IMMSE-TR equivalently correspondsto a noncooperative gamethat max-
imizes normalized SNR while minimizing an approximate measureof interferencebetween
nodes.

Space-Time Signals and Channels

A genericdirect-sequencetype spread-spectrum systemis considered,in which the symbol
duration T is much longer than the multipath spread,and the systembandwidth is W =
PG=T, where PG > 1 is the processinggain. The Nyquist sampling interval is then Ts =
T=(2PG). Further de�ne Ns = T=Ts as the number of samples/symbol. The transmit S-T
signal from node i , ~gi 2 CM N s , is then de�ned by

~gi = [gi (Ns � 1)T ; gi (Ns � 2)T ; : : : ; gi (0)T ]T (1)

wheregi (n) 2 CM is the vector of inputs to the transmit array at Nyquist samplen. Symbols
bi (m) are transmitted at a rate 1=T.

The S-T channel is represented by a Nyquist sampled responseHi;j (p) 2 CM � M , for
p = 0; 1; : : : ; 2Ns � 1. Let H�

i;j represent the array responseat node i due to transmission
from j on the � -th multipath, wherer 1

i;j = r i;j is the length of the direct path. Then Hi;j (p)
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is given by the interpolation formula, where transmit node j applies a timing advance of
r j ;l ( j )=c sec. for QS operation.

Hi;j (p) =
NpX

� =1

H�
i;j sinc

��
pTs �

r �
i;j

c
+

r j ;l ( j )

c

�
=Ts

�
. (2)

It is assumedthat the multipath spreadTm = (r Np
i;j � r i;j )=c satis�es Tm = LTs << NsTs as

in a typical spread-spectrum system. Hence,the channel Hi;l ( i )(p) is approximately limited
to samplesp = f 0; 1; : : : ; L � 1g. However, receptionat i from nodesl 6= l(i ) is asynchronous,
and the e�ectiv e channel thus hassupport p = f 0; 1; : : : ; 2Ns � 1g.

Given the channel model in (2) and the short multipath spreadassumption, the array
output vector ri (n) 2 CM at node i at time mNs + k, for k = 0; 1; : : : ; Ns � 1 is

ri (mNs + k) =
L � 1X

p=0

Hi;l ( i )(p)gl ( i )((k � p))bl ( i )(m)+ (3)

X

l6= i;l ( i )

2X

q=0

2N s � 1X

p=0

H i;l (p)gl ((k � p) + qNs)bl (m � q) + ni (mNs + k),

whereni (k) is circular white Gaussiannoisewith covariancematrix I .
The S-T received signal is then r i (m) 2 CM N s , de�ned by r i (m) = [ri ((m + 1)Ns �

1)T ; : : : ri (mNs)T ]T . This S-T vector can be written in vector-matrix form as

r i (m) = H 0
i;l ( i ) ~gl ( i )bl ( i )(m) +

X

l6= i;l ( i )

2X

q=0

H q
i;l ~glbl (m � q) + n i (m). (4)

The matrices H q
i;j 2 CM N s � M N s are block-Toeplitz, with subblock n; m (Matlab notation)

given by

H q
i;j ((n � 1)M + 1 : nM ; (m � 1)M + 1 : mM ) = Hi;j (m � n + qNs).

for n; m = 1; : : : ; Ns.

IMMSE-TR Algorithm

The IMMSE-TR algorithm attempts to minimize transmit power while maintaining QoS
(SNR). In terms of the unit-norm S-T linear detector w l ( i ) 2 CM N s , the SNR at node l(i ) is

� l ( i ) =
jwH

l(i )H l ( i );i ~gi j2

wH
l(i )R l ( i )(~g� l ( i ))w l ( i )

, (5)
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wherethe multiaccessinterference(MAI) plusnoisecovariancematrix is R i (~g� i ) 2 CM N s � M N s ,
de�ned by

R i (~g� i ) =
X

l6= i;l ( i )

2X

q=0

H q
i;l ~gl ~gH

l (H q
i;l )

H + I . (6)

The gametheoretic notation ~g� i indicatesdependenceon all transmit vectors ~gl for l 6= i .
The optimum linear S-T receiver is MVDR, given in unnormalized form by ~w l ( i ) =

R � 1
l (i )H l ( i );i ~gi . Using this solution in � l ( i ) yields the following optimization problem.

Minimize
NX

i =1

jj ~gi jj 2 (7)

Subject to � l ( i )(~gi ; ~g� i ) = ~gH
i H H

l(i );i R
� 1
l (i )(~g� i )H l ( i );i ~gi � 
 0,

where
 0 is the target SNR.
The optimization problem (7) is non-convex, and a closed-formsolution for the power

minimizing ~gi doesnot exist [3]. However, it is alsoshown in [3] that the IMMSE algorithm
for beamformingcan satisfy the necessary(though not su�cien t) conditions for optimalit y.
The IMMSE beamformingmethod is extendedto S-T waveform designin Table 1. IMMSE-
TR hingeson the following de�nition of time-reversematrices and vectors.

De�nition 1 Time-Reversal: Let x 2 CM N be a vector with N temporal subvectors x(n) 2
CM , hence x = [x(N )T x(N )T : : : x(1)T ]T . The time-reverseis thenx r = [x(1)T x(2)T : : : x(N )T ]T

with subvectors x r (n) = x(N � n + 1) for n = 1; : : : ; N .
Let A 2 CM N � M N be a matrix with temporal subblocks of dimension M � M , such that

(Matlab notation) A (n; m) � A ((n � 1)M : nM ; (m � 1)M : mM ). The time-reversematrix
A r is de�ned by the subblocks A r (n; m) = A (N � n + 1; N � m + 1) for n; m = 1; : : : ; N .

The following properties of time-reversedsystemsare then readily derived.

Prop osition 1 Time-Reversed SystemRelations: Let y = Ax , where y; x 2 CM N ;M N are
composed of temporal subvectors y(n); x(n) 2 CM , and A is divided into temporal subblocks
A (n; m) 2 CM � M . Then

y r = (Ax )r = A r x r . (8)

Let A ; B 2 CM N � M N be S-T matrices with temporal subblocks A (n; m); B (n; m) 2
CM � M . The time-reverseof the product satis�es (AB )r = A r B r .

Let A 2 CM N � M N with temporal subblocks A (n; m) 2 CM � M be invertible. Then
(A � 1)r = (A r )� 1.

The next proposition de�nes space-timechannel reciprocity.

Prop osition 2 Space-Time Channel Reciprocity: Let H i;l ( i ) 2 CN s M � N s M represent the
space-time channel from transmit array l(i ) to receive array i . Nyquist sample n of the
S-T channel is denoted by Hi;l ( i )(n) 2 CM � M for n = 0; : : : ; Ns � 1. The temporal subblocks
of sizeM � M are then givenby H i;l ( i )(n; m) = Hi;l ( i )(m � n) 2 CM � M for n; m = 1; : : : ; Ns.
Assumespatial channelreciprocity, so that Hi;l ( i )(p)T = Hl ( i );i (p). Then H T

i;l ( i ) = H r
l ( i );i . That
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For n = 1; 2; : : :
For each node i

m  1
While jjgi (m + 1) � gi (m)jj > �

Update normalizedS-T MVDR detector at i
w0

i (m + 1) = R i (~gn
� i )

� 1H i;l ( i )gl ( i )(m)
w i (m + 1)  w0

i (m + 1)=jjw 0
i (m + 1)jj

gi (m + 1)  w r ;�
i (m + 1)

Transmit packet to node l(i ) {
Update node l(i ) S-T detector.
w0

l(i )(m + 1) = R l ( i )(~gn
� i )

� 1H l ( i );i gi (m + 1)
w l ( i )(m + 1)  w0

l(i )(m + 1)=jjw 0
l(i )(m + 1)jj

gl ( i )(m + 1)  w r ;�
l ( i )(m + 1)

m  m + 1
End while
mi  m
Update SVD approximation gn

i = si 
 ai � gi (mi )
Transmit estimatedSNR � l ( i )(

p
Pn

i gn
i ; ~gn

� i ) from l(i ) ! i
Update power Pn

i  Pn
i 
 0=� l ( i )

Next i
Next n

Table 1: IMMSE-TR adaptive space-timewaveform algorithm.

is, the transposeof the S-T block Toeplitz channelresponseat node i due to l(i ) is the time-
reverseof the responseat l(i ) to i . Note that this space-time reciprocity does not hold for
channelsH i;j , for j 6= l(i ), due to the QS time-advance r j ;l ( j )=c.

The basicoperation of IMMSE-TR is asfollows: On each iteration n, nodesi = 1; 2; : : : ; N
are updated sequentially . Each nodal update i is composedof IMMSE subiterations m.
Speci�cally, at subiteration m+ 1, nodei computesits MMSE/MVDR S-T detectorw i (m+ 1)
basedon a training sequencetransmitted by node l(i ). In practice, the MMSE S-T detec-
tor is updated using the LMS or RLS algorithm, however in the simulations in the sequel,
it is assumedthat the unnormalized w 0

i (m + 1) takes on its optimum value w 0
i (m + 1) =

R � 1
i (~gn

� i )H i;l ( i ) ~gl ( i )(m). The transmit beamformeris then set to the conjugatetime-reverse,
gi (m + 1) = w i (m + 1)r ;� . Node i then transmits a training sequenceback to l(i ), which
computes its S-T detector w l ( i )(m + 1), and resets its transmit vector to gl ( i )(m + 1) =
w l ( i )(m + 1)r ;� . The result of the subiterations is characterizedby the following proposition.

Prop osition 3 The S-T transmit vector gi (m) converges to the maximum eigenvector of
the objective matrix

G i = (R � 1
i )r ;� H H

l(i );i R
� 1
l (i )H l ( i );i , (9)
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Equivalently, limm!1 gi (m) solves

gi = argmax
g

gH H H
l(i );i R l ( i )(~g� i )� 1H l ( i );i g

gH R i (~g� i )r ;� g
. (10)

Proof: From Table1, gi (m+ 1) = w r ;�
i (m+ 1). Assumingexactconvergenceof the LMS/RLS

MMSE algorithm, and using the rules for time-reversal in De�nition 1 we then have gi (m +
1) = (R � 1

i )r ;� H r ;�
i;l ( i )g

r ;�
l ( i )(m). However, from S-T channelreciprocity in Proposition 2, H r ;�

i;l ( i ) =
H H

l(i );i . Furthermore, gr ;�
l ( i )(m) = w l ( i )(m). Substituting for w l ( i )(m) = R � 1

l (i )H l ( i );i gi (m) yields
the �nal update for the transmit vector.

gi (m + 1) =
1
c
(R � 1

i )r ;� H H
l(i );i R

� 1
l (i )H l ( i );i gi (m), (11)

where c normalizes jjgi (m + 1)jj = 1. Following [3], eq. (11) corresponds to the power
algorithm, leading as m ! 1 to the solution in eqs. (9),(10).

The noncooperative game theory interpretation of IMMSE-TR is similar to [3]. The
utilit y function corresponding to Table 1 is

ui (~gi ; ~gn
� i ) = (12)

� (
 0 � � l ( i )(~gi ; ~gn
� i )) + ln

�
~gH

i H H
l(i );i R l ( i )(~gn

� i )
� 1H l ( i );i ) ~gi

�
� ln

�
~gH

i R i (~gn
� i )

r ;� ~gi
�

,

where � (x) is an arbitrary concave, continuous function with maximum at x = 0. The
IMMSE-TR algorithm at iteration n; i then corresponds to the noncooperative game ~gn

i =
argmax~g i ui (~gi ; ~gn

� i ). The utilit y ui () increaseswith normalized SNR (�rst ln term) and
decreaseswith increasinginterferenceto other nodes(secondln term { an interferencetax.)
The utilit y is maximized when the power Pi = jj ~gi jj 2 is set so that the SNR constraint is
met with equality (� l ( i ) = 
 0). The interferencetax can be rewritten using the time-reversal
de�nitions 1 and replacingw r ;�

l by gl as

gH
i R r ;�

i gi = (13)

gH
i

X

l6= i;l ( i )

H r ;�
i;l gr ;�

l (gH
l )r ;� (H H

i;l )
r ;� gi + 1 =

X

l6= i;l ( i )

jgH
i H r ;�

i;l w l j2 + 1.

If S-T channel reciprocity held for all nodes i; j , then H r ;�
i;l = H H

l;i , and the interference
terms in (13) would indeedcorrespond to the interferenceat node l causedby transmitter
i , jwH

l H l ;i gi j2, as in [3]. Unfortunately, S-T reciprocity only holds for node pairs i; l (i )
(De�nition 2), henceeq. (13) is not part of a Total InterferenceFunction [3].

Simulation resultsdemonstratedslow convergencewhengn
i wasset to the unconstrained

IMMSE-TR solution (10). Furthermore, allowing gn
i to bean arbitrary M NS length complex

vector increasestransmitter complexity. The IMMSE-TR algorithm in Table 1 enforcesa
separableS-T solution gi = si 
 ai , where 
 is the Kronecker product. The temporal
signature is si 2 CN s , with spatial signature ai 2 CM . The separableS-T waveform is then
the solution to

si ; ai = arg min
s2 CN s ;a2 CM

jjgi � si 
 ai jj 2. (14)
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It is well known that the minimum norm solution (14) can be found using the SVD of the
matrix (Matlab notation)

G i = [gi (1 : M )gi (M + 1 : 2M ) : : : gi ((Ns � 1)M + 1 : NsM )]T .

The vectors si ; ai are then the left and right singular vectors of G i corresponding to the
largest singular value.

Results and Conclusions

Simulation results for IMMSE-TR are shown in Figures 1, 2 and 3 for N = 10 nodeswith
M = 4 elements and a processinggain of PG = 7, or Ns = 14 Nyquist samplesper symbol.
Three ray channelsNp = 3 were chosenat all nodeswith a � =2 rad. angular spread. The
temporal multipath duration was 2Ts sec. The power e�ciency 0 � � � 1 in Fig. 1 is the
ratio � n = P su

i =Pn
i , whereP su

i is the power required to maintain SNR 
 0 in the absenceof
MAI. That is, P su

i is
P su

i =

 0

� max

�
H H

l(i );i H l ( i );i

� , (15)

where � max (A ) is the largest eigenvalue of matrix A . Note that � max

�
H H

l(i );i H l ( i );i

�
is the

maximum normalizedSNR on link i ! l (i ) in the absenceof MAI. Hence� = 1 whenMAI is
absent, sincegn

i is the maximum eigenvector of H H
l(i );i H l ( i );i from (9). The power e�ciencies

are then seenin Fig. 1 to satisfy � � :8 at all nodes.
The �nal temporal signaturessi and beamformersai are shown in Figs. 2, 3 for this

scenario. The temporal signaturesare OFDM-lik e, but not pure sinusoids. As shown in
[11], the optimal S-T waveformsin the absenceof MAI are indeedseparable,with temporal
signaturesgivenby sinusoids.However, the SNR-maximizingtemporal waveformsfor the Ad
hoc network are not sinusoidal, even with the inclusion of a cyclic pre�x, sincethe e�ectiv e
whitenedchannelmatrix R � 1=2

l (i ) H l ( i );i is no longerblock-Toeplitz. Nevertheless,the sinusoidal
nature of the si suggeststhat a more structured solution for the S-T waveformsmay exist.

The samescenarioas in Figs. 1 { 3 wasconsideredwith the processinggain increasedto
PG = 15. The resulting power e�ciency is plotted in Fig. 4, which shows a slight increase
in � over the PG = 7 case,due to the reducedtemporal correlation achievable.

To summarize,a new iterativ e MMSE space-timewaveform designalgorithm was devel-
oped, which was shown to correspond to a noncooperative game. Quasi-synchronoustrans-
mission on the desired link was employed to minimize the code acquisition problem. The
resulting S-T waveformsgi maximizea similar utilit y function to that in the pure beamform-
ing case[3], with utilit y increasingwith normalizedSNR, and decreasingwith (approximate)
interferenceto other nodes. The QS channel model alters the direct relationship between
the interferencetax and Total InterferenceFunction in pure beamforming[3]. As a result,
the optimum solution for the gi via the Lagrangiandoesnot have the genericIMMSE form,
in contrast to beamforming-only[3]. Nevertheless,simulation resultsshowedexcellent power
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e�ciencies in a scenariowith more nodesthan beamformingelements, due to the additional
degreesof freedoma�orded by the temporal signature.
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Figure 1: Power e�ciency � for M = 4; Ns = 14, N = 10 nodes.
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Figure 2: Temporal signaturesfor M = 4; Ns = 14.
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Figure 3: Spatial signaturesfor M = 4; Ns = 14.
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Figure 4: Power e�ciency � for M = 4; Ns = 30, N = 10 nodes.
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